In D], Dyer has introduced the concept of O algebra, this is a basic quasihereditary Koszul algebra with an anti-involution, such that its quadratic dual is also quasi-hereditary. Typical examples of such algebras are ones associated with blocks of category O of Bernstein-Gelfand-Gelfand BGG], see also Beilinson-
1. Preliminaries.
1.1. Throughout the paper we consider basic nite-dimensional associative algebras over an algebraically closed eld k. By a theorem of Gabriel such an algebra is given by quiver and relations. Let A-mod denote the category of nite-dimensional left modules over A, and the complete set of orthogonal primitive idempotents of A, which is assumed to be a poset and is called weight poset of A. If i 2 , denote by L(i) the corresponding simple module; by P(i) and I(i) its projective cover and injective hull respectively, then the standard A-module (i) (the costandard A-modules r(i), resp.) is de ned to be the marximal factor module of P(i) with composition factors L(j) for j i (the marximal submodule of I(i) with composition factors L(j) for j i, resp.); and A is said to be quasi-hereditary with weight poset provided that rst, L(i) occurs with multiplicity one in (i), and second, all projective A-modules are in F(f (i); 8i 2 g), where F(f (i); 8i 2 g) denotes the full subcategory of A?mod of modules having a ltration with all factors in f (i); 8i 2 g, see DR] .
Assume that A is a quasi-hereditary algebra with weight poset , then there exists a unique basic (generalized) tilting module T such that addT = F(f (i); 8i 2 g) \ F(fr(i); 8i 2 g), where addT is the full subcategory of A?mod of direct sums of direct summands of T, and T is then called the characteristic module of (A; ); form the endomorphism algebra B = End A T, then Observe that if A is a Dyer algebra with weight poset , then A is quasihereditary with ; in this case, the standard module (i) = Ai=AA + 1 i for i 2 ; and one has the dimension equality dim k A = P i2 (dim k (i)) 2 . Let n denote the set f1; ng. Lemma 2.4. Let A be the k?algebra given by the following quiver with l(m 2 + n 2 ) + mn 6 = 0: the set of vertices is fx; y; zg; there are l arrows from x to z and l arrows from z to x, which are denoted by i and i for i 2 l respectively; there are m arrows from x to y and m arrows from y to x, which are denoted by i and i for i 2 m respectively; there are n arrows from y to z and n arrows from z to y, which are denoted by i and i for i 2 n respectively. Relations are as follows i j for (i; j) 2 n n; i j for (i; j) 2 l l; i j and j i for (i; j) 2 l m; i j ? Proof. Since l(m 2 + n 2 ) + mn 6 = 0 and the relations given, A is obviously connected and quadratic. Let ! be the anti-involution of A determined by the followings: !(i) = i for i 2 , !( i ) = i for i 2 m, !( i ) = i for i 2 n and !( i ) = i for i 2 l. This is indeed well de ned, by the relations given. Let V be the k?space spanned by i j for (i; j) 2 m n, and V 1 the k?subspace of V spanned by k? combinations P i;j b iju i j for u 2 v. One can choose a subset T of m n with jTj = mn?v such that f i j =(i; j) 2 Tg is a basis of V=V 1 . Then A has a basis consisting of the followings: i 2 ; i and i for i 2 m; i and i for i 2 n; i and i for i 2 l; i j for (i; j) 2 m m; i j for (i; j) 2 n n; i j for (i; j) 2 l l; i j and j i for (i; j) 2 n l; i j and j i for (i; j) 2 T; i j s and s j i for (i; j; s) 2 T n; i j s and s j i for (i; j; s) 2 T l; i j s t for (i; j; t; s) 2 T T.
So one has A = A ? A + . Consider standard the modules (i) = Ai=AA + 1 i for i 2 , then (x) = L(x); (y) has a basis consisting of y and i for i 2 m; and (z) has a basis consisting of z; i for i 2 l, i for i 2 n and i j for (i; j) 2 T.
Thus one has the dimensional equality
This completes the proof.
2.5. For later use we need some notations. For a pair (i; j) 2 m m, from relations in Lemma 2.4 one forms a n n matrix a ij = (a ijst ), and then gets a mn mn symmetric matrix M = (a ij ). Let B v Lemma 2.6. Let A be a connected Dyer algebra with weight poset = fx < y < zg. Then there exist deta l; m; n; M and B v such that A ' O(l; m; n; M; B v ); in particular, A is quadratic.
Proof. Let ! be the anti-involution of A, then ! sends arrows from i to j to arrows from j to i, where i; j 2 . So the number of arrows from i to j is equal to the number of arrows from j to i. Since A is quasi-hereditary, the quiver of A contains no loops, it follows that the quiver of A must be the one in Lemma 2.4, say ! 4. Let (2) Let be the poset fx < z; y < zg, A a connected k-algebra with weight poset if and only if A is equivalent to some O(l; 0; n) with ln 6 = 0.
Proof. Let = fx < y; x < zg. By 2.2 and 2.3 we have the necessity of (1); by dropping the order y < z in the weight poset of O(l; m; 0), one gets also a Dyer algebra with weight poset , which has the same standard modules and costandard modules with O(l; m; 0), this proves the su ciency of (1); and (2) is similarly proved. Remark 2.9. A is a basic connected quasi-hereditary algebra with weight poset fx < yg if and only if A is given by the quiver which has s arrows from x to y (denoted by i for 2 s) and t arrows from y to x(denoted by j for j 2 t), and with relations i j for (i; j) 2 t s. Such an algebra is a Dyer algebra if and only if s = t.
3. Representation types.
With We divide this into several steps (1) Using Theorem 1 of Reiten-Donkin in DoRe] one gets (i).
(2) Algebras of the form O(l; m; n) where there at least one of l; m; n is not less than 2 are of wild representation type, since they have quotient algebras k( ) or k( ). (6) It remains to check that algebra A of the type O(1; 1; 1) is of wild representation type. Consider the algebra A 0 = A=I, where A = O(1; 1; 1; ; ) and I is the ideal generated by (with the notation in 2.4). By using twice the Remark in 3.2 one nds that A 0 has the same representation type with an algebra B, such that B has a quotient algebra which is of wild representation type.
Note that (1)- (6) Using the equality (1) O(l; m; n; M; B v ) is a Koszul algebra. Let A = O(l; m; n; M; B v ) with weight poset = fx < y < zg, using Proposition 2.15 in D], we need to verify that the complex K( (i) t ; ! (j)) of graded vector spaces is acyclic for i 6 = j in .
Keep notations in Lemma 2.4, then grounded k-spaces of (i) and ! (j) are as follows (x) = hxi; (y) = hy; i for i 2 mi; (z) = hz; i for i 2 l; i for i 2 n; i j for (i; j) 2 m ni; ! (x) = hx; i for i 2 l; i for i 2 m; i j for (i; j) 2 n mi; ! (y) = hy; i for i 2 ni; ! (z) = hzi:
Note that A and A ! are graded algebra respect to lengths of paths; and standard modules are graded modules in the natural way. Since ! (i) p = 0 for p > 2; i 2 , where ! (i) p denotes the p?th homogenous component of ! (i) p as a graded A ! -module, it su ces to prove that the following complex is acyclic for i 6 = j in
where the tensor product is over A 0 , the semisimple subalgebra of A generated by x; y; z. Writing out this graded complex in terms of the homogenous components and noting that i j = 0 = (i) t 2 ( ! (j) t 2 ) for i 6 = j, it reduces to check the following isomorphisms under @ for i 6 = j (i) t 1 ( ! (j) t 2 ) ' (i) t 2 ( ! (j) t 1 ) ; i ( ! (j) t 1 ) ' (i) t 1 j: and the exactness of the following complex for i 6 = j 0 ?
We make the veri cation for i = z; j = x in the above complex, the rest can be done by direct calculations. Let (h i j i t ) denote the k-space ( ! (x) t 2 ) , and by (( i j ) t ) denote the corresponding element in it, using grounded spaces of (i) and ! (j) listed above and the operation of t and , then the complex above reads
(2) where @(( i j ) t ) = t i (( j ) t ) ; @( t i (( j ) t ) ) = ( j i ) t for (i; j) 2 n m:
Note that the rst @ is injective and the second one is surjective; and the dimension equality dim k (h i j i t ) + dim k h i j i t = v + (mn ? v) = dim k h i i t (h j i t ) :
From this it follows that (2) must be exact. This completes the proof. Proposition 5.4. Let A = O(l; m; n; M; B v ) with weight poset = fx < y < zg, then P x;y (q) = m; P y;z (q) = n; P x;z (q) = ?lq 1=2 + v:
Proof. We only compute P x;z (q), the rest is easy. 
; L(z)) = ?lq 1=2 + v: 6. Ringel duals.
6.1. We have the following simple observation from the de nition of the characteristic module.
Lemma. Let (A; ) and (A; 0 ) be equivalent as quasi-hereditary algebras, then they have the same characteristic module.
6.2. Let A be an algebra of the form O(m; 0; n) for mn 6 = 0, we want determine the characteristic A-module. By Lemma 6.1 we may assume that the weight poset = fx < z; y < zg (keep notations in 2.4). Then radP(x) = P(z) m ; radP(y) = P(z) n ; radP(z) = L(x) m L(y) n let T = T(x) T(y) T(z) be the characteristic module of A, since both x; y are minimal in , one has T(x) = (x) = L(x), T(y) = (y) = L(y), we need to determine T(z). By applying Hom A ( ; P(z)) to the exact sequence 0 ?! P(z) m ?! P(x) ?! L(x) ?! 0 one gets dim k Ext 1 A (L(x); P(z)) = m; similarly, dim k Ext 1 A (L(y); P(z)) = n. Let e i for i 2 m and j for j 2 n be bases of Proof. It su ces to prove the second equality above. Let A = O(m; 0; n) with weight poset = fx < z; y < zg, and B := RO(m; 0; n) = End A T, where
